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The paper presents some reflections from the organizational anthropology view on the processes in organizations 

nowadays, meeting the challenges of remote work, shift of management process from the traditional office to the 

abstract virtual area. The paper presents the results of the sample research, interpreting them in the five 

organizational symbols framework. There are made some conclusions on the symbols embodiment in 

organizational culture and their impact on the involvement not as an attitude but as a value in nowadays economy 

of participation.    
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The main essence of the topic - is human resources, which reflects the wealth of any society and for the 

development it is possible to produce, improve and utilize the same resources, taking into consideration the 

interests of each individual. Human views are based on his knowledge, qualifications and experience. This also 

refers to the management of human resources. Any decision regarding the personnel, which is taken by the 
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Remark on Right Continuous Exponential
Martingales



where M c denotes a continuous martingale part of M . It is well known that
Et(M) = 1 +

R t
0
Es−(M)dMs, so it is clear that for local martingale M the



additional increasing process Bt and the compensator, but we have restriction
on jumps of M . In their result Larsson and Ruf [3] used the predictable
stopping time τ and they have additional restriction on M to obtain the set
equality. We also have additional but di�erent kind of restriction on jumps
on M and with this we use any kind of stopping times.

Proof of the Theorem 1: It is well known, that M = M c + Md where M c is



The supermartingale property of E
�
1
2
Md
�

implies PfET (1
2
Md) <1g = 1, so

we obtain that
�P

s≤T ln
�
1 + 1

4
� (4Ms)2

1+4Ms

�
= 1

	
� fET (Md) = 0g. Now we

will have the following chain of set inclusion and equality:nX
s≤T

(4Ms)
2

1 +4Ms

=1
o

=
n

1 +
1

4

X
s≤T

(4Ms)
2

1 +4Ms

=1
o
�

nY
s≤T

�
1 +

1

4
� (4Ms)

2

1 +4Ms

�
=1

o
=
n
e
∑

s≤T ln
�
1+ 1

4
· (4Ms)

2

1+4Ms

�
=1

o
=

nX
s≤T

ln
�

1 +
1

4
� (4Ms)

2

1 +4Ms

�
=1

o
� fET (Md) = 0g.

Now it is time to prove the reverse set inclusion: fET (Md) = 0g �nP
s≤T

(4Ms)2

1+4Ms
=1

o
. Let µ(ω, t, x) be the jump counting measure for local

martingale M and ν(ω, t, x) be its compensator. Then we have the repre-
sentation: Md

t =
R t
0

R
[−1;+∞)

xd(µ� ν) =
P

s≤t



Inequality 4M1
s � 1 implies that 4M1

s �
2(4M1

s )
2

1+4M1
s

, so using this we obtain:

fET (M1) = 0g �
nX
s≤T

2(4M1
s )2

1 +4M1
s

=1
o

=
nX
s≤T

(4M1
s )2

1 +4M1
s

=1
o
.

II. Now we will show that fET (M2) = 0g �
�P

s≤T
(4M2

s )
2

1+4M2
s

=1
	

.

ET (M2)E2T
�
� 1

2
M2
�

= exp
n
M2

T +
X
s≤T

�
ln(1 +4M2

s )�4M2
s

�
�M2

T+

X
s≤T

�
2 ln(1� 1

2
4M2

s ) +4M2
s

�o
= exp

nX
s≤T

ln(1 +4M2
s )
�
1� 1

2
4M2

s

�2o
.

From the last equality and the supermartingale property of E
�
� 1

2
Md
�

we
deduce that

�
ET (M2) = 0

	
�
n
�
X
s≤T

ln(1 +4M2
s )
�
1� 1

2
4M2

s

�2
=1

o
. (2)

Using j4M2
s j < 1 and Lemma 1 from Appendix we obtain � ln(1+4M2

s )
�
1�

1
2
4M2

s

�2 � 2(4M2
s )

2

1+4M2
s

and this with (1) gives us inclusion:

fET (M2) = 0g �
nX
s≤T

2(4M2
s )2

1 +4M2
s

=1
o

=
nX
s≤T

(4M2
s )2

1 +4M2
s

=1
o
.

Now if we summarize results of I and II, we will have:

fET (Md) = 0g = fET (M1) = 0g [ fET (M2) = 0g �

nX
s≤T

(4M1
s )2

1 +4M1
s

=1
o
[
nX
s≤T

(4M2
s )2

1 +4M2
s

=1
o

=

nX
s≤T

(4M1
s )2

1 +4M1
s

+
X
s≤T

(4M2
s )2

1 +4M2
s

=1
o

=
nX
s≤T

(4Ms)
2

1 +4Ms

=1
o
.

5



Finally we obtain fET (Md) = 0g =
nP

s≤T
(4Ms)2

1+4Ms
=1

o
and

fET (M) = 0g = fET (M c) = 0g [ fET (Md) = 0g =

fhM ciT =1g [
nX
s≤T

(4Ms)
2

1 +4Ms

=1
o

=
n
hM ciT +

X
s≤T

(4Ms)
2

1 +4Ms

=1
o
.

4. Appendix.

Lemma 1. k(x) = 2x2

1+x
+ ln(1 + x)(1� 1

2
x)2 � 0 for any x 2 (�1; 1).

Proof.

k′(x) =
4x(1 + x)� 2x2

(1 + x)2
+

(1� 1
2
x)2 � (1 + x)(1� 1

2
x)

(1 + x)(1� 1
2
x)2

=

2x2 + 4x

(1 + x)2
� 3x

(1 + x)(2� x)
=
�2x3 � 3x2 + 5x

(1 + x)2(2� x)
=
x(2x+ 5)(1� x)

(1 + x)2(2� x)
.

It is obvious that k′(0) = 0, k′(x) < 0 when x 2 (�1; 0) and k′(x) > 0 when
x 2 (0; 1). So x = 0 is a minimum point and because k(0) = 0, we can
deduce that k(x) � 0 for x 2 (�1; 1).
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The term of “human capital” is a key element to improve the assets of the organization. It 

can be seen as sustainable competitive advantage and a factor of increased employee 

efficiency. Some theorists apply rules to prove the ability to create useful competitions 

between companies by developing individual human resources. 

Recently, managers of organizations have found that human resources to have greatest 

importance in gaining sustainable competitive advantage and efficiency. In the world 

where education, along with knowledge and communication with customers have gained 

increasing importance, human capital, that is the bucket of knowledge, technical skills, 

creativity, and experience of the organization, gains great importance, thus labour force is 

the most productive and also highly valued and not costly assets. 

To form strong human capital it is important to start investing in education and health. 

Investing in health is crucial as it increases efficiency of labor, decreases sickness and finally 

aids development of economics.  

Though the act of researching, assessing and controlling human resources is more difficult 

than other operations of the organization, since the rarest and most complicated resources 

in knowledge-based economy are human resources. Mostly top management concentrates 

on their strategies on tangible and obvious factors of the organization such as technology  

and using physical and financial resources.  

 

 

Why Company Needs to Have Human Capital?  

Due to today’s characteristics of global economy contemporary technologies in producing 

various and new products, cannot create competitive advantage for the organizations by 

itself. For this reason, organizations must concentrate on other factors such as human 

intellectual capital in order to gain competitive advantage and improve their survival.  That’s 

why it ncreases needs of organizations to effectively attract, develop, and preserve talents.  



According to the above mentioned, today, human capital has gained importance more than 

any other tangible resources for the organization. In this paper is explained the concept of 

human capital, its importance, and the characteristics of human capital. 



1. Constant trainings; 

2. Monitoring Performance; 

3. Direct Communication; 

4. Defined Job Responsibilities; 

5. Motivation. 

It is right way to say that the success and failure of any organization depends on its 

employees. Every employee in its very own way contributes the development of the 

organization. One of the major responsibilities of a HRM is to hire and distribute the right 

talent for the organization in short to recruit the right person for the right role. Job mismatch 

may lead to confusions and eventually decrease the productivity of the company and output. 

Distributing all the new employees to their job places must not be neglected. Documents and 

employee handbooks are not sufficient to welcome new employee to its job place. HR 

managers should design a suitable introduction program that will not only acquaint a new 

individual with the system and policies but also makes feel comfortable within the system. 

It is essential for every organization to upgrade the skills of its employees to cope well with 

the changing times. Employees must be trained from time to time, to be able to utilize their 

knowledge to the fullest when required and become one of the key resources for their 

organization. Training managers and HR managers must not design training programs just 

for the sake of it. They have to estimate how training program will benefit the employees. 

Management can also sponsor the education of their employees that will sharpen their skills 

and increase human capital. Necessary, sharply tailored and realistic training programs 



Employees should be able to walk up to their managers in case of any queries. The dictator 

approach is not effective and does not work nowadays. Problems have to be discussed and 

suggestions should be given along with feedbacks and ideas. Never should be ignored even 

the tiniest problem. Any problem left without attention may lead to a serious problem later 

on. This way employees feel attached towards the organization. Nobody ever knows when 

someone might come up with a wonderful idea. 

All the job responsibilities and expectations of employees must be clearly defined to expect 

any misunderstanding. Key responsibilities should be designed by individual’s past work 

experience, education and areas of interest.  

Employees has to feel motivated from time to time according to feedbacks from work records. 

And when working harder should be motivation for others and 



cycle – from specifying which employees need to be recruited, to subsequent training, career 

path management in the organization and, ultimately, retirement. This strategy significantly 

affects the organization as an employer, to other interested parties, such as future candidates, 

competitors and customers. The first real step in the process is defining what to focus on, the 

second step is defining what to focus on an employee level and the third and final step in the 

process is selection. 

The several examples of the companies that are highly innovative due to their strong human 

capital, are the following:  FedEx Corporation, Sainsbury’s, Marks & Spencer, Rolls-Royce, 

Shell, Ford, LinkedIN, Twitter, Nissan, Google etc.  

 

Summary 

In summary, human capital has the most important role in people’s development, 

improving the life and income, increasing knowledge, skill, and product capacities, also 

increasing economic growth and reducing poverty. In this constantly changing world, 

where there are new revolutions in fighting against capitalism, human forces gain more 

and more importance than ever. Future researches of human capital will have two goals - 

measure the gaps within human capital and how human capital can lead to more efficiency 

and revenue. Obviously employees and individuals apply human capital to their job, they 

receive their investment reward from human capital through salary, benefits, job 

satisfaction, and more learning opportunities as well as promotion. These achievements 

allow families and governments to invest a large part of their resources in education, health 

and training human force. It is worth mentioning that economic attitude towards human 

capital (education, health and training labor force) is vital for country’s efficiency and 

economic success.  
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Adoption of the protocols requires additional material, financial, and human resources, and 

difficult to implement simultaneously for all medical conditions. Therefore, it’s important 

to prioritize the medical conditions which can cause more harm to patent and can occur 

frequently. Also, should be selected the criteria which can measure the impact of different 

medical conditions on patents. For this purpose, in our model, we have chosen duration of 

medical services as measurements of effectiveness of actions in different medical 

conditions. In addition, duration of the medical services directly related to the total medical 

cost which should be paid by patents or healthcare insurance institutions. 

For mathematical and computerized model calculations we have used the data for one year 

of one of the private clinics. Data have been chosen for 2018 year, before COVID-19 global 

pandemic in order to get pure information about medical cases without procedures 

enforced by virus dissemination.  

9

Model description 

Data contains different medical conditions and duration of procedures required for these 

conditions. We have classified the medical conditions and represented the duration as a 

percent increase of decrease from the mean duration of the classes of medical conditions 

and its required procedures. So, we get lognormally distributed duration differences in 

percentage. Also, we have removed all classes of medical conditions with zero standard 

deviation and records with zero or single cases in the class, which potentially can cause 

problems during model calculations. Finally, after data cleansing remained 5868 records 

and 133 different classes of medical conditions. 

We have denoted by r - percent difference from mean of duration of medical services 

required for each k class of medical conditions, and by σ – standard deviation of duration. 

For adoption priority calculations we are using Pareto multi-objective optimization 

method. We are revealing classes of medical conditions with highest duration and standard 

deviation. For this purpose, we are writing maximization problem of the following 

function: 

 



max 𝑓(𝑥) = )𝜇!𝑅(𝑥), 𝜇"𝑉(𝑥). (1) 

 

where  

𝑅 = / 𝑟#𝑥#

$

#%!

 (2) 

 

and  

𝑉 = / 𝑥#
"𝜎#

"
$

#%!

 (3) 

 

Substituting equations (2) and (3) into (1) we get 

 

𝑓(𝑥) = 𝜇! / 𝑟#𝑥# +
$

#%!

𝜇" / 𝑥#
"𝜎#

"
$

#%!

 (4) 

 

where  

𝜇! = 1, 𝜇" = 1
25  
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After finding the partial derivatives from equation (4) we have the following: 

 

𝛿𝑓(𝑥)
𝛿𝑥!

= 𝑟! + 𝑥!𝜎!
"

⋮
𝛿𝑓(𝑥)
𝛿𝑥#

= 𝑟# + 𝑥#𝜎#
"

 (5) 

 

where 

𝑘 = {1,2, … , 𝑁} 

 

We are receiving system of equations which can be solved for x. 



 

𝑥!𝜎!
" = −𝑟!
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ABSTRACT 

Many organizations require collaboration to achieve projects or organizational goals. 

Teamwork can help solve difficult problems and improve productivity. High-performance 

teams in the workplace make this success possible by combining individual talent to achieve 

a common goal. Since the 1980s, organizations and companies placed an increasing number 

of important use teams in the workplace. Creating a highly functional team means more than 

just handing out tasks to a random group of people; This requires prior understanding and an 

effective approach. 

One of the eternal questions of leaders is: What makes a High-Performance organization? 

Numerous companies claim to be high quality organizations. It is actually rare but instantly 

recognizable. 

High quality organizations are role models for the organizational world. They represent real 

versions of the modern managerial ideal: an organization that excels in these many areas that 

it consistently outperforms most of its competitors over a long period of time. 

Leading a high performance organization teaches and assists employees to achieve better 
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What is high performance workplace 

To explain what a highly performance workplace is - it is a physical or virtual environment 

designed to make employees as efficient as possible in achieving business goals and values. A 

highly 
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Why is important high performance workplace 

Business owners need employees who can do the job assigned to them, because the activities 

and behaviors of each employee determine the success of the company. It is a highly 

qualified environment that makes employees more trusting of each other, more independent 

in some matters and make their own decisions, and satisfied with their work. All this is 

necessary for employees to be more responsible, to work more productively, which is 

essential for the company, because these factors play an important role in the success of a 

business. High performance workplace have become very important as a source of 

competitive advantage in today’s competitive business environment. Human resource 

management capabilities are important for attracting, selecting, retaining, motivating and 

developing the workforce in the organization. Meanwhile, organizational culture, which is 

viewed as organizational capital, can also be a driver of sustainable competitive advantage. 

Organizational values, as a reflection of the culture of the organization, asserts strategic 

issues such as strategic change, management decision-
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3 most important things that make 
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of effective communication; there can be trust between team members only if they are 

allowed to air their views freely. This is the reason why organizations often undertake team-

building exercises that put team members in positions of trust. 

 

Little overview about performance workplace in Georgian organizations 

Today, unfortunately, most Georgian companies do not consider it necessary to develop a 

highly performance workplace. They have staff and they think that these staff no longer 

need development, retraining, training. Their main problem is that paying for all this is a 

pointless expense, but they do not realize that the cost now will bring more profit and 

success to the company in the future. 

If I take examples from my personal work experience, the companies where I worked 

nowhere paid attention to the above issue. According to the top management, the employees 
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All this is necessary to achieve an effective working environment, which is related to the 

https://www.cedefop.europa.eu/en/events-and-projects/events/high-performance-workplaces
https://www.sciencedirect.com/science/article/pii/S1877042816315749


Utility maximization problem with
uncertainty of success probability

Georgian-American University, Institute of Cybernetics of Georgian
Technical Univercity, Tbilisi, Georgia

Tsotne Kutalia, Revaz Tevzadze

Abstract

Abstract. We study a robust portfolio optimization problem under
model uncertainty for an investor with logarithmic or power utility.

1 Problems formulation
Let Sn be stock price defined by

Sn+1(!1:::!n!n+1) = (1(!n+1=H)u+ 1(!n+1=T )d)Sn(!1:::!n);

! = !1:::!N 2 fH;TgN ; q̃ = u�1�r
u�d ; p̃ = 1+r�d

u�d : r is interest rate. Evidently
that SN = S0u

]H(!)d]T (!) = S0d
N (ud )]H(!). Let P̃ (!) = p̃]H(!)(1 � p̃)]T (!) be

risk-neutral probability measure on fH;TgN and Pp(!) = p]H(!)(1 � p)]T (!)

is reference measure. For

Z(p) =
P

P̃
=

�
p

p̃

�]H(!)�
1� p
1� p̃

�]T (!)

=

�
p

p̃

�]H �
q

q̃

�]T
=

�
pq̃

p̃q

�]H �
q

q̃

�N
we have

Z(p) = g

�
SN
S0

�
;

where g(x) =
�

q

q̃d
logu/d(p/q)

�N
xlogu/d(p=q).

It is well known that utility maximization problem

max
∆

EU(XN );

for wealth process Xn+1 = ∆nSn+1 + (1 + r)(Xn �∆nSn) is equivalent to

max
V :ẼV=X00

EU(V ); X 00 = X0(1 + r)N :

1



The solution of utility maximization problem

max
V=X00

EZ(p)U(V )

when p is known exactly and U is either the logarithmic utility U(x) = ln(x)
or a power utility Ux) = 1


x

 ; 
 < 1; 
 6= 0 is expressed explicitly and equal

to

V = X 00
Z(p)

1
1�γ

ẼZ(p)
1

1�γ
; 
 < 1:

Our aim is to investigate the problem

max
V :ẼV=(1+r)NX0

min
p2Θ

ẼZ(p)U(V ); (1)

where Z(p) =

�
p

p̃

�]H(!)�
1� p
1� p̃

�]T (!)

; Θ � [0; 1]:

Finally the optimal V̂ has to hedged, i,e. it will exists X0; X1; :::; XN such
that XN = V̂ .

The general cases of Θ we consider are fp0; p1g; [p0; p1]; [p0; p1]n(p̃�"; p̃+
"); p0 < p1. In the sequel we use the notation P(Θ) for set of probability
measures on Θ and Z(�) =

R
Θ
Z(p)�(dp). Also we use the notation Z� =

�Z(p0) + (1� �)Z(p1); � 2 [0; 1] for the Z(�); � = ��p0 + (1� �)�p1 . Since

min
p2Θ

ẼZ(p)U(V ) = min
�2P(Θ)

ẼZ(�)U(V );

the problem (1) we can change by

min
�2P(Θ)

max
V :ẼV=(1+r)NX0

ẼZ(�)U(V ); (2)

which allows us to study at first

max
V :ẼV=(1+r)NX0

ẼZ(�)U(V ):

1



X 0
0 ẼZ(�)

Z(�)
γ

1�γ

Ẽ
Z(�)
1

1�γ
=

1



X 0
0 Ẽ

1�
Z(�)
1

1�γ ; 
 < 1:

Hence it remains to solve

min
�
Ẽ1�
Z(�)

1
1�γ ; 
 6= 0

or
min
�
ẼZ(�) lnZ(�); 
 = 0

2



2 The uncertainty of success probability
Let Θ = fp0; p1g and � = ��p0 + (1 � �)�p1 . It needs to find min0���1 f(�),
where

f(�) =

(
Ẽ1�
Z(�)

1
1�γ ; 
 6= 0

ẼZ(�) lnZ(�); 
 = 0:

Proposition 1. Let �� be a minimum point of function f(�) = ẼZ� lnZ� =
E� lnZ�; i:e: f(��) = min f(�). Then

�� =

8><>:
1; if p0 < p1 � p̃;
f 0�1(0) (i.e. the unique solution of f 0(��) = 0); if p0 < p̃ < p1;

0; if p̃ � p0 < p1:

Moreover

f 0(0) < 0; f 0(1) > 0; if p0 < p̃ < p1;

f 0(�) � 0; � 2 [0; 1]; if p0 < p1 � p̃;
f 0(

Moreover� ; 227 9.9626 TfΩ16.373 0 TdΩ[(2)] TJΩ/F21 9.9626 TfΩ9.409 0 TdΩ[([0)] TJΩ/F24 9.9626 TfΩ7.749 0 TdΩ[(;)] TJΩ826 TfΩ4.427 0 TdΩ[(1])] TJΩ/F24 9.9626 TfΩ7.749 0 TdΩ[4i-fΩ-0.846 0 TdΩ[(p)-278(<)-278(p)] TJΩ/F20 6.9738 TfΩ23.308 -1.494 TdΩ[(1)] TJΩ/F24 9.9626 TfΩ4.47 1.494 TdΩ[(;)] TJΩ-156.763 -14.944 TdΩ[(f)] TJΩ/F26 6.9738 Tf973/F20 6.9738 TfΩ24.357 -1.494 TdΩ[(0)] T6Ω/F24 9.9626 TfΩ7.237 1.494 TdΩ[(<)-278(p)] TJΩ/F20 6.9738 TfΩ15.529 -1.495 TdΩ[(1)] TJΩ/F2449.9626 TfΩ4.46971.495 TdΩ[(:)239.7-0.F24 9.0



Since
NX
k=0

CkN (pk0q
N�k
0 � pk1qN�k1 ) ln (p̃)

k
(q̃)

N�k
=

= ln (p̃)

NX
k=0

kCkN (pk0q
N�k
0 � pk1qN�k1 ) + ln (q̃)

NX
k=0

(N � k)CkN (pk0q
N�k
0 � pk1qN�k1 )

= ln (p̃)

NX
k=0

kCkN (pk0q
N�k
0 � pk1qN�k1 )� ln (q̃)

NX
k=0

kCkN (pk0q
N�k
0 � pk1qN�k1 )

= ln

�
q̃

p̃

� NX
k=1

kCkN (pk0q
N�k
0 � pk1qN�k1 ) = ln

�
q̃

p̃

� NX
k=1

NCk�1
N�1(pk0q

N�k
0 � pk1qN�k1 )

= ln

�
q̃

p̃

� NX
k=1

Np0C
k�1
N�1p

k�1
0 qN�k0 �

NX
k=1

Np1C
k�1
N�1p

k�1
1 qN�k1

!

= ln

�
q̃

p̃

� NX
k=1

NCk�1
N�1(pk0q

N�k
0 � pk1qN�k1 )

= ln

�
q̃

p̃

� NX
k=1

Np0C
k�1
N�1p

k�1
0 qN�k0 �

NX
k=1

Np1C
k�1
N�1p

k�1
1 qN�k1

!

= (Np0 �Np1) ln

�
q̃

p̃

�
;

we have

f 0(�) =

NX
k=0

CkN (pk0q
N�k
0 � pk1qN�k1 ) ln

�
�pk0q

N�k
0 + (1� �)pk1q

N�k
1

�
�N(p0 � p1) ln

�
q̃

p̃

�
:

Hence

f 0(1) =

NX
k=0

CkN (pk0q
N�k
0 � pk1qN�k1 ) ln (p0)

k
(q0)

N�k

�N(p0 � p1) ln

�
q̃

p̃

�
= N(p0 � p1) ln

�
p0

q0

�
�N(p0 � p1) ln

�
q̃

p̃

�
= (Np0 �Np1) ln

�
p0q̃

q0p̃

�
:

and

f 0(0) =

NX
k=0

CkN (pk0q
N�k
0 � pk1qN�k1 ) ln (p1)

k
(q1)

N�k

= (Np0 �Np1) ln

�
p1q̃

q1p̃

�
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From p0 < p̃ < p1 follows p0q̃
q0p̃

< 1 and p1q̃
q1p̃

> 1 (since p0+q0
p0

= 1
p0
> 1

p̃ = p̃+q̃
p̃ )

q0
p0
> q̃

p̃ ). Thus f 0(1) > 0; f 0(0) < 0.
If p0 < p1 � p̃ then from f 0(0) > 0 and f 00(�) = Ẽ(Z(p0)� Z(p1))2 1

Zα > 0
follows f 0(�) > 0; � 2 [0; 1]. Similarly one can prove f 0(�) < 0; 8�, if
p̃ � p0 < p1.

Corollary. If p̃ = q̃ = 1
2 and p1 = 1�1



More general for �̃�P� =
P
x ��̃(x)�(�#H(x)(1� �)#T (x)) the similar equality

Z(�̃�P�) =
X
x2Ω

Z(�̃(x))



A Martingale Characterization of the General
Solution of Quadratic Functional Equation
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Abstract. We describe the class of functions f = (f(x); x 2 R),
for which the process f(Wt)� Ef(Wt) is a martingale. This result is
applied to give a martingale characterization of the general solution
of the quadratic functional equation.

1.Introduction. It is well known that if for a function f = (f(x); x 2
R) the transformed process (f(Wt); t � 0) of a Brownian Motion W is a
martingale, then f is a linear function (see, e.g. [2]). In this paper we
describe the class of function f for which the process f(Wt) � Ef(Wt) is a
martingale. We prove that the process

f(Wt)� Ef(Wt); t � 0

is a right-continuous martingale if and only if the function f is a square
trinomial , i.e., f(x) = ax2 +bx+c for some constants a; b and c. Besides, we
show that if f(Wt)�Ef(Wt) is a martingale (without assuming the regularity
of paths), then f(x) is equal to some square trinomial almost everywhere with
respect to the Lebesgue measure.

1



We use this result to characterize solutions of quadratic functional equa-
tion

f (x+ y) + f (x� y) = 2f (x) + 2f (y) for all x; y 2 R; (1)

the general measurable solution of which (see, e.g., [5]) is the function f (x) =
ax2; a 2 R. We give an equivalent characterization of equation (1) in terms
of martingales, which gives also a probabilistic proof of this assertion.

2. The Main Result. Let W = (Wt; t � 0) be a standard Brownian
Motion de�ned on a probability space (
;F ;P) with �ltration F = (Ft; t �
0) satisfying the usual conditions of right-continuity and completeness.

Theorem 1. Let f = (f(x); x 2 R) be a function of one variable, such
that f(Wt) is integrable for every t � 0.

a) If the process

Mt = f(Wt)� Ef(Wt); t � 0;

is a right-continuous (P - a.s.) martingale, then the function f is of the form

f(x) = ax2 + bx+ c for some constants �; b and c 2 R: (2)

b) If the process Mt is a martingale, then f(x) coincides with the function
ax2 + bx+ c (for some constants a; b; c 2 R) almost everywhere with respect
to the Lebesgue measure.

Proof. a) Let

g(t) � Ef(Wt) =

∫
R

f(y)
1



P � a:s: for all t � T . Let

u(t; x) = E(f(WT )=Wt = x):

It is well known that u(t; x) will be of the class C1.2 on (0; T )�R and satis�es
the backward Kolmogorov equation (see, e.g. [3])

@u

@t
+

1

2

@2u

@x2
= 0; 0 < t < T; x 2 R: (4)

By the Markov property of W

u(t;Wt) = E(f(WT )=Ft)

and from (3) we have that P -a.s.

f(Wt) = u(t;Wt)� g(T ) + g(t):

Therefore, ∫
R

∣∣f (x)� u (t; x) + g(T )� g(t)
∣∣ 1p

2�t
e�

x2

2t dx = 0

which implies that for any 0 < t � T

f (x) = u (t; x)� g(T ) + g(t) a:e: (5)



The solutions of these equations are

f(x) = ax2 + bx+ c and g(t) = at+ c (9)

respectively, for some a; b; c 2 R.
b) Let

~f(x) = u(t0; x) + g(t0)� g(T ):

for some t0 > 0. It follows from (5) that

�(x : f(x) 6= ~f(x)) = 0; (10)

where � is the Lebesgue measure and by de�nition of u(t; x) the function ~f(x)
is continuous (moreover, it is two-times di�erentiable). It follows from (10)
that P (f(Wt) = ~f(Wt)) = 1 for any t � 0 and since Ef(Wt) = E ~f(Wt), we
obtain that the processes Mt = f(Wt)�Ef(Wt) and ~Mt = ~f(Wt)�E ~f(Wt)
are equivalent, which implies that the process ~Mt is a continuous martingale.
Therefore, it follows from part a) of this theorem that ~f(x) is of the form
(2) and hence, f(x) coincides with the function (2) almost everywhere with
respect to the Lebesgue measure.

Remark. The converse is also true. If the function f is of the form (2),
then

f(Wt) = aW 2
t + bWt + c; Ef(Wt) = at+ c

and the process f(Wt)� Ef(Wt) = a(W 2
t � t) is a martingale.

Corollary 1. Let f = (f(x); x 2 R) be a function of one variable.
a) If the process (f (Wt) ;Ft; t � 0) is a right-continuous martingale, then

f (x) = bx+ c for all x 2 R (11)

for some constants b; c.
b) If the process (f (Wt) ;Ft; t � 0) is a martingale, then f (x) = bx + c

almost everywhere with respect to the Lebesgue measure for some constants
b; c 2 R.

Proof. If the process f(Wt) is a martingale, then g(t) = Ef(Wt) is constant
and the coe�cient a in (9) is equal to zero. Therefore, this corollary follows
from Theorem 1.
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3. Application to Quadratic Functional Equations. It was proved
in [4] that if the function f = (f(x); x 2 R) is a measurable solution of the
Cauchy additive functional equation

f(x+ y) = f(x) + f(y); for all x; y 2 R;

then the transformed process (f(Wt); t � 0) is a right-continuous martingale,
which (by Corollary 1 of Theorem 1) implies that f is a linear function. Here
we propose a similar characterization of solutions of the quadratic functional
equation

f (x+ y) + f (x� y) = 2f (x) + 2f (y) for all x; y 2 R: (12)

It is well known (see, e.g., [5]), that the general measurable solution of equa-
tion (12) is the function f (x) = ax2; a 2 R. Using Theorem 1 we give an
equivalent characterization of equation (12) in terms of martingales , which
gives also a probabilistic proof of this assertion.

Theorem 2. Let the function f = (f(x); x 2 R) be non-negative (or
non-positive) for all x 2 R. The following assertions are equivalent:

i) the function f = (f(x); x 2 R) is a measurable solution of (12),
ii) f = (f(x); x 2 R) is an even function with f(0) = 0 and such that the

process
Nt = f(Wt)� Ef(Wt); t � 0;

is a right-continuous martingale,
iii) the function f is of the form

f(x) = ax2; (13)

for some constant a 2 R.

Proof. i) ! ii) It is evident that if f is a solution of (12) then f (0) = 0
and f (x) = f (�x) for all x 2 R. Therefore, since f(x) is non-negative or
non-positive, expectations below have a sense and for any random variable �
with symmetric distribution

Ef(� � x) = Ef(x� �) = Ef(� + x): (14)

Substituting x = Wt�Ws and y = x+Ws in equation (12) we have that

f(Wt) + f(Wt � 2Ws � x) = 2f(Wt �Ws) + 2f(x+Ws): (15)

5



Since E(Wt � 2Ws)
2 = t for s � t, the random variables Wt and Wt � 2Ws

have the same normal distributions and hence

Ef(x+Wt) = Ef(x+ 2Ws �Wt) = Ef(Wt � 2Ws � x): (16)

Therefore, taking expectations in (15) we obtain

Ef(x+Wt) = Ef(Wt �Ws) + Ef(x+Ws) s � t: (17)

Let g(t) = Ef(Wt). Then Ef(Wt �Ws) = g(t� s) and it follows from (17)
(for x = 0) that g satis�es the Cauchy additive functional equation

g(t) = g(t� s) + g(s); s � t

on R+. As it is well known (see, e.g., [1]) that any bounded from bellow
(or from above) solution of this equation is of the form g(t) = ct for some
constant c 2 R. Therefore, f(Wt) is integrable for any t � 0 and if we take
s = 0 in (17) we obtain

f(x) = Ef(x+Wt)� Ef(Wt) =

∫
R

f(x+ y)
1p
2�t

e�
y2

2t

f (x+1

p

2

1



follows from equations (19) and (20). Thus, the process N = (f(Wt) �
Ef(Wt); t � 0) is a martingale with P -a.s. continuous paths.

ii)! iii). Since f(Wt)�Ef(Wt) is a martingale, Theorem 1 implies that
the function f should be of the form

f(x) = ax2 + bx+ c; a; b; c 2 R:

Since f is even we have that b = 0 and c = 0 since f(0) = 0. Thus, f(x) = ax2

for some a 2 R.
The proof of implication iii)! i) is evident.
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LYiR^TVniX^Y!
 

MhXW!mQmZR! k^]]^SW!S^Rs! XYiR^TVnZT! XY! tHeu!`QWZT!^Y!a^]T!mRXnZ! RXWs!_QYQaZ_ZYi!mR^`]Z_!
QYT!\Q]VQiX^Y!^k! XY\ZWi_ZYi! XY! a^]T!SXTaZiW! mR^TVniX^Y! XYTVWiRv8!pRZ\X^VW!S^Rs!TZWnRX`ZW!
\Q]VQiX^Y! ^k! hZTaXYa! WiRQiZaXZW! ihQi! nQY! `Z! VWZT! XY!_QYQaXYa! RXWsW! XYhZRZYi! XY! XY\ZWi_ZYi!
mR^wZniW!VWXYa!mR^iZniX\Z!mVi!i^!hZTaZ!QaQXYWi!a^]T!mRXnZ!RXWs8!UZnQVWZ!_QRsZiZT!mViW!^Y!Q]]!
XY\ZWi_ZYiW!QYT!WmZnXkXn!WiRXsZ!mRXnZW!_Xahi!Y^i!`Z!k^VYT5!Q!RZm]XnQiXYa!m^Rik^]X^!mRXYnXm]Z!XW!
VWZT!i^!_X_Xn!ihZ!mQv^kk!kR^_!ihZ!mVi!SXih!QYv!WiRXsZ!nh^WZY8!

MhXW! mQmZR! kVRihZR! X_mR^\ZW! \Q]VZ! kR^_! RZm]XnQiXYa! mR^iZniX\Z! mVi! WiRQiZav! `v! \QRvXYa! ihZ!
WiRXsZ!mRXnZ!^k!ihZ!mVi!^miX^Y!Qnn^RTXYa!i^!a^]T!mRXnZ!SZZs]v!mRZTXniX^YW!`v!_QnhXYZ!]ZQRYXYa!
_Zih^TW8!MhXW5! XY! iVRY5! RZTVnZW!n^Wi!^k! RZ`Q]QYnXYa! ihZ!m^Rik^]X^5! X8Z85! XW! ihZ!n^Wi!^k! ihZ!mVi!
^miX^Y!XiWZ]k!QYT5!kXYQ]]v5!ihZ!i^iQ]!n^Wi!^k!ihZ!m^Rik^]X^!ihQi!XW!VWZT!QW!ihZ!WiRXsZ!mRXnZ!^k!ihZ!
RZQ]!^miX^Y!XY!ihZ!XY\ZWi_ZYi!mR^wZni8!

!
xQ]VZ!^k!mR^iZniX\Z!mVi!SXih!kXyZT!Qi=ihZ=_^YZv!WiRXsZ!mRXnZ!
 

MhXW! WZniX^Y! k^]]^SW! mRQniXnQ]! ZyQ_m]Z! TZWnRX`ZT! XY! tHGu! SXih! zZ^RaXQY! mR^TVnZR! ^k! a^]T!
SXTaZiW5!{QRQmshQYQ!QYT!XiW!a^]T!mRXnZ!RXWs!hZTaXYa!mR^`]Z_8!|mm^WZT!i^![^`VWi!xQ]VQiX^Y!
iZnhYX}VZW!TZWnRX`ZT! XY! tHu!QYT!tHGu5!ShZRZ!mR^wZni!\Q]VQiX^Y! XW! RZ}VXRZT!VYTZR! XYn^_m]ZiZ!
_QRsZiW!WnZYQRX^!QYT!Xi! XW! k^nVWZT!^Y!RXWs!_XiXaQiX^Y!^k!Y^Y=iRQTQ`]Z!QWWZiW!WVnh!QW!SXTaZiW!
mR^TVnZT!`v!]^nQ]!_QYVkQniVRZRW5!ihXW!mQmZR!k^nVWZW!^Y!RXWs!_QYQaZ_ZYi!^k!z^]T!mRXnZ!RXWs!QW!
QY!XYmVi!n^Wi!k^R!mR^TVnXYa!SXTaZiW8!UQWZT!^Y!WiQiXWiXnQ]!QYQ]vWXW!QYT!~^YiZ!�QR]^!qX_V]QiX^Y!
TXWnVWWZT!XY!t:u!QYT!WQ_m]Z!TQiQ!XY!tHeu!



Å^R!WX_m]XnXiv5!]Zi!TXWn^VYi!RQiZ5!R5!Z}VQ]!i^!G<!mZR!vZQR8!ÇYTZR!^YZ=vZQR!mZRX^T!XY\ZWi_ZYi!
h^RXl^Y!mRZWZYi!\Q]VZ!BpxD!^k!nQWh!k]^S!kR^_!SXTaZi!mR^TVniX^Y!XW!aX\ZY!QWc!

𝑃𝑉 =
𝜂! − 𝑆!

𝑟 =
87.66 − 42.03

1 + 0.02 = 44.74!

oZyi!XY\ZWi_ZYi!\Q]VZ!^k!ihZ!mR^wZni!XW!ZyiZYTZT!i^!n^\ZR!ihZ!^mm^RiVYXiv!i^!hZTaZ!ihZ!a^]T!
mRXnZ!SXih!mVi!^miX^Y!VWXYa![ZQ]!|miX^YW!ÉYQ]vWXW!TXWnVWWZT! XY! tGu5! tKu5! QYT! t?u8

74



 

!

Ç]iX_QiZ]v5! ^miX_Q]! WiRXsZ!mRXnZ!SX]]! TZmZYT!^Y! ihZ! kViVRZ! a^]T!mRXnZ8! LY! ]XYZ!SXih!SZZs]v!
RZ`Q]QYnXYa!^k!mR^iZniX\Z!mVi!m^Rik^]X^5!^YZ!nQY!n^_Z!Vm!SXih!SZZs]v!VmTQiZT!mRZTXniX^YW!^k!
a^]T!mRXnZ!QYT!VWZ!ihQi!QW!Q!WiRXsZ!mRXnZ!^k! ihZ!mVi8! LY!ihXW!WZniX^Y5!`QWXn!~QnhXYZ!ÑZQRYXYa!
B~ÑD!~^TZ]W!kR^_!tH>u!WVnh!QWc!

= Ö=YZQRZWi!YZXah`^R!BÖooD!
= zRQTXZYi!U^^WiXYa!MRZZW!BzUMD!
= qVmm^Ri!xZni^R!~QnhXYZW!Bqx~D!
= zQVWWXQY!pR^nZWWZW![ZaRZWWX^Y!Bz[pD!

ÉaQXY5! VWXYa! WQ_m]Z!TQiQ! XY! tHeu5! ZYWZ_`]Z! ^k! Q`^\Z!~Ñ!_^TZ]W! XW! VWZT! i^! mRZTXni!SZZs]v!
mRXnZW!^k!a^]T8!ÉY!ZyQ_m]Z!^k!WVnh!mRZTXniX^YW!n^_mQRZT!SXih!QniVQ]!a^]T!mRXnZW!^\ZR!mZRX^T!
^k!H;!vZQRW!XW!X]]VWiRQiZT!`Z]^Sc!

 

 



 

É`^\Z!aRQmh! Wh^SW! ihQi!>?<!^k! ihZ! iX_Z!mRZTXniX^YW!SZRZ! QnnVRQiZ! Q`^Vi! ihZ!TXRZniX^Y!^k!
a^]T!mRXnZ!XYnRZQWZ!^R!TZnRZQWZ8!LY!ihZ!YZyi!WZniX^Y5!SZZs]v!mRZTXniX^YW!^k!a^]T!mRXnZ!SX]]!`Z!
VWZT!QW!ihZ!WiRXsZ!mRXnZ!k^R!mVi!^miX^Y!XY!hZTaXYa!WiRQiZav8!

 

xQ]VZ!^k!mR^iZniX\Z!mVi!SXih!\QRXQ`]Z!WiRXsZ!mRXnZ!
 

o^S5!XiÄW!X_m^RiQYi!i^!n^_mQRZ!h^S!SZ]]!mRZTXniZT!a^]T!mRXnZ!S^Rs!QW!Q!\QRXQ`]Z!WiRXsZ!mRXnZ!
k^R!mR^iZniX\Z!mVi!WiRQiZav!QaQXYWi!kXyZT!WiRXsZ!mRXnZ8!ÅR^_!ZyQ_m]Z!XY!tHeu5!i^iQ]!SZQ]ih!kR^_!
mR^iZniX\Z!mVi!WiRQiZav!QYT!a^]T!mRXnZ!WX_V]QiX^Y!TXWnVWWZT!XY!t:u!XW!Wh^SY!`Z]^Sc!

 

 

!



 

ÅVRihZR!mR^nZZTXYa!SXih!RZQ]!^miX^Y!\Q]VQiX^Y!^k!ihXW!XY\ZWi_ZYi!mR^wZni5!QTTXiX^YQ]!XYnRZQWZ!
XY!^miX^YQ]!\Q]VZW!XW!aQXYZT!XY!Q_^VYi!^k!HK8?G!mZR!aRQ_8!ÅXYQ]!XY\ZWi_ZYi!mR^wZni!\Q]VZ!XW!
aX\ZY!`vc!

𝑷𝑽 = 𝑫𝑪𝑭 + 𝑹𝒆𝒂𝒍	𝑶𝒑𝒕𝒊𝒐𝒏	𝑽𝒂𝒍𝒖𝒆 = 𝟒𝟒. 𝟕𝟒 + 𝟓𝟓. 𝟖𝟒 = 𝟏𝟏𝟑. 𝟖𝟖 

 

=

#



[ZkZRZYnZW!
 

tHu! [^`VWi! ~ZQY=xQRXQYnZ! PZTaXYa! ÉYT! pRXnXYa! ^k! �^YiXYaZYi! �]QX_W! LY! É! |YZ! pZRX^T!
~^TZ]! BG;HHD! f![8!MZ\lQTlZ! QYT!M8!ÇlVYQqh\X]X! f! LYiZRYQiX^YQ]! r^VRYQ]! ^k!MhZ^RZiXnQ]! QYT!
Émm]XZT!ÅXYQYnZ!f!g^R]T!qnXZYiXkXn!pV`]XWhXYa!�^_mQYv!!
tGu! [ZQ]! |miX^YW! ÉYQ]vWXWc! i^^]W! QYT! iZnhYX}VZW! k^R! \Q]VXYa! WiRQiZaXn! XY\ZWi_ZYiW! QYT!
TZnXWX^YW!f!r^hYQihQY!~VY!fGYT!ZTXiX^Y5!mV`]XWhZT!`v!r^hY!gX]Zv!Ü!qXYW5!LYn85!G;;>!
tKu! LY\ZWi_ZYi! pR^wZniW! xQ]VQiX^Y! ÇWXYa! [ZQ]! |miX^YW! QYT! zQ_Z! MhZ^Rv! BG;HKD! f! ÑZ\QY!
zQnhZnhX]QTlZ!QYT!LRQs]X!�hZ]XTlZ! f!ÉnQTZ_Xn=QYQ]viXnQ]! r^VRYQ]!áàn^Y^_XnW!QYT!UQYsXYaâ!
G;HK!x^]8!L5!oK!
t?u!�^y!Zi!Q]8!BH:ä:D!f!�^yy5![^WW5![V`XYWiZXY!
teu! [^`VWiYZWW! BG;;ãD! f! ÑQRW! pZiZR! PQYWZY5! Mh^_QW! r8! qQRaZYi! f! pV`]XWhZT! `v! pRXYnZi^Y!
ÇYX\ZRWXiv!pRZWW!
t>u! PZTaXYa!


